We have calculated rates of β − decay to both continuum and bound states separately for some astrophysically important fully ionized (bare) atoms in the mass range A ≈ 60-240. Most of these nuclei are on the s-process path. One of the motivations of this work is that the previous theoretical calculations were very old and/or informatically incomplete. Probably no theoretical study on this subject has been done in the last three decades. For the calculation, we have derived a framework from the usual β − decay theory used by previous authors. Dependence of the calculated rates on the nuclear radius and neutral atom Q-value have been examined. We have used latest experimental data for nuclear and atomic observables, such as β − decay Q-value, ionization energy, neutral atom β − decay branchings, neutral atom half-lives etc. Results of β − decay rates for decay to continuum and bound states and the enhancement factor due to the bound state decay for 114 transition cases in 27 different nuclei (33 parent levels) have been tabulated and compared with the previously calculated values, if available. The effective rate or half-life calculated for bare atom might be helpful to set a limit for the maximum enhancement due to bound state decay. Finally, β − decay branching for bare atom has been calculated and for the first time, the change in branching in bare atom, compared to that in neutral atom, has been found. Reason for this branching change has been understood in terms of Q-values of the transitions in the neutral and bare atoms. Verification of this branching change phenomenon in bare atom decay might be of interest for future experiments.
I. INTRODUCTION
It is well known that the usual theory of β − decay presumes that the decay of a neutron to proton is accompanied by the creation of an electron and an anti-neutrino in continuum states. However, in a stellar plasma where atoms get ionized, this continuum decay is not the sole option. Nuclear β − decay to the bound states of the ionized atom is an another probable channel. In 1947 Daudelet al. [1] first proposed the concept of bound state β decay. This suggests that a nucleus has a possibility to undergo β − decay by creating an electron in a previously unoccupied atomic orbital instead of the continuum decay. It is important to understand that the bound state decay process does not occur subsequently from the β − decay of an electron previously created in the continuum state, it is rather the direct creation of an electron in an atomic bound state accompanied by a mono-energetic anti-neutrino created in the free state carrying away the total decay energy. This process has been studied both theoretically as well as experimentally over the past seven decades.
In case of a neutral atom, available phase space for the creation of an electron in a vacant atomic orbital is very small and therefore the bound state decay is almost negligible compared to the contribution of the continuum decay. Contrarily, ionizations of atoms may lead to drastic enhancement of bound state β decay probability due to the availability of more unoccupied atomic levels. In some previous theoretical works from 60's to 80's, * Electronic address: Corresponding author: ss@physics.iiests.ac.in various groups have studied the continuum and bound state β decay for neutron, tritium [2] and fully ionized (bare) heavy atoms [3] [4] [5] . However, in most cases, previous theoretical works were based on very old data and/or informatically incomplete. Simultaneously, the development of experimental techniques have served fruitfully to detect bound and continuum state β decay channels of fully ionized atoms. In 1992, Jung et al. first observed the bound state β − decay for the bare 163 Dy atom [6] by storing the fully ionized parent atom in a heavy-ion storage ring. In the same decade, Bosch et al. studied the bound state β − decay for fully ionized 187 Re [7] which was helpful for the calibration of 187 Re -187 Os galactic chronometer [8] . Further experiments with bare 207 Tl [9] showed the simultaneous measurement of bound and continuum state β − decay. However, the authors have mentioned this decay as a single β − transition process to a particular daughter level with 100 % branching [9] whereas, the present data [10] suggests three available levels among which the total β − decay is distributed.
In earlier studies, Takahashi and Yokoi [3, 5] had investigated β transition (bound state β − decay and orbital electron capture) processes of some selected heavy nuclei suitable for s-process studies. However, in their work, they had not given separately the bound state decay rate of bare atoms. Further, in another work, Takahashi et al. [4] had studied the β − decay of some bare atoms for which bound state β − decays produce significant enhancement in decay rates and proposed measurement in storage ring experiment. However, they did not take into account the contribution of transitions to all possible energy levels of the daughter nucleus in total β − decay rate enhancement. As an example, according to present β − decay data [10] With the availability of modern day experimental β decay half-lives in terrestrial condition for the neutral atom, experimental Q-values for β − decays and atomic physics inputs, it becomes inevitable to re-visit some of the earlier works. Moreover, in a previous work, Takahashi and Yokoi [3] addressed a few nuclei in their 'case studies', undergoing β − transitions, as some of the essential turnabouts in s-process nucleosynthesis, where contributions from atoms with different states of ionization were considered. However, the explicit study of bound and continuum state β − transitions of bare atoms for most of these nuclei remained unevaluated till date both experimentally as well as theoretically.
In the present work, our aim is to study the β − decay of some elements, in the mass range (A ≈ 60 -240), which are important for astrophysical studies as well as for future experimental evaluations of bound state β − decay using storage ring. In particular, calculations of β − decay rates to the continuum as well as bound state of these fully ionized atoms, where informations for neutral atom experimental half-life and β − decay branchings are terrestrially available, have been performed. Most importantly the study of effective half-lives for bare atoms will be helpful to set a limit for the maximum enhancement in β − decay rate due to the effect of bound state decay channels. Moreover, we have also discussed the effect of different nuclear structure and decay inputs (Q value, radius etc.) over the bound to continuum decay rate ratio. In addition, some interesting phenomena of changes in β − decay branching for a number of bare atoms have been discussed, for the first time.
The paper is organized as follows: section II contains the methodology of our entire calculation for bound and continuum state β − decay rates for bare atom, as well as comparative half-life (Logf t) for neutral atom. In section III A we have discussed our results for the neutral atoms, whereas in section III B results for the bare atoms have been discussed. The phenomenon of change in β − decay branching is also discussed explicitly in the section III B. Conclusion of our work has been described in section IV.
II. METHODOLOGY
In this work, we have dealt with the allowed and firstforbidden β − transitions for fully ionized atoms. The contributions of higher-order forbidden transitions are negligible in the determination of the final β − decay rate and thus we have not tabulated the contributions for the same.
The transition rates (in sec −1 ) for allowed (a), nonunique first-forbidden(nu) and unique first-forbidden(u) transitions are given by [3] [4] [5] 
for m= a, nu
for m= u .
Here t is the partial half-life of the specific parentdaughter energy level combination for which transition rate has to be calculated and f * m is the lepton phase volume part described in detail, below in this section. For allowed and non-unique first-forbidden β − decay, the expression for the decay rate function f 0 (Z, W ) can be simplified to [11, 12] 
The certain combinations of electron radial wave functions evaluated at nuclear radius R ( in the unit of /m e c) was first introduced by Konopinski and Uhlenbeck [12] as L k 's. The value for k = 0 can be approximated as
Here, α is the fine structure constant. In Eq.(2), W is the total energy of the β − particle for a Z − 1 → Z transition and W 0 = Q n /m e c 2 + 1 is the maximum energy available for the β − particle. Here the mass difference between initial (parent) and final (daughter) states of neutral atoms are expressed as the reaction Q values (Q n in keV). The term F 0 (Z, W ) is the Fermi function for allowed and non-unique transition, given by [12] 
Similarly, for the unique first-forbidden transition the decay rate function f 1 (Z, W ) has the form reduced from Refs. [11, 12] is given by,
with L 1 given by
The term F 1 (Z, W ) for unique β − transition is given by [12] 
It is important to mention that the reduced expressions for f = f 0 and f = f 1 in Eqs. (2) and (5) already include the screening correction due to Coulomb field of the electron cloud as prescribed by Gove and Martin [11] . However, the picture is still incomplete since the finite nuclear size correction due to the extended charge distribution of the nucleus on the β spectrum is still neglected. We have therefore incorporated this correction as Λ k → Λ k + ∆Λ k , where the term Λ k can be written in terms of L k and F 0 (Z, W ) as [11] 
in such a way that it reduces to [
for k = 1 and 2, respectively. The correction term is given by [11] 
Therefore, by using Eqs. (8) and (9) in the integrand of Eq. (2) and Eq. (5) one can calculate the values for f 0 (Z, W ) and f 1 (Z, W ) incorporating major corrections. Further, from the above expressions (Eqs.(4) and (7)), it is evident that the factors F 0 (Z, W ) and F 1 (Z, W ) depends on the radius, thereby making the terms f 0 and f 1 (Eqs. (2) and (5)), radius dependent. Thus, in our present study, we have used various radius values from different phenomenological models and experiments to study their effects on the final f t values. In order to calculate f t values for a nucleus, we have extracted the half-life t for individual transition to daughter levels using the latest β decay branching information available in the literature [10] .
The lepton phase volume f * m [5] for the continuum state β − decay can be reduced to
Here W c = Q c /m e c 2 + 1 is the maximum energy available to the emitted β − particle, and Q c is given by:
The term [B n (Z + 1) − B n (Z)] denotes the difference of binding energies for bound electrons of the daughter and the parent atom. The experimental values for all the atomic data (binding energies/ionization potential) are availed from Ref. [13] .
Further, for the bound state β − decay of the bare atom f * m takes the form [5] 
for x = ns 1/2 , np 1/2 ,
Here [f x or g x ] is the larger component of electron radial wave function evaluated at the nuclear radius R of the daughter for the orbit x. The [f x or g x ] is obtained by solving Dirac radial wave equations using the Fortran subroutine RADIAL by Salvat et al. [14] . In our case, σ x is the vacancy of the orbit, chosen as unity and b is equal to Q b /m e c 2 where,
For example, in case of a bare atom, if the emitted β − particle gets absorbed in the atomic K shell, then the last term of Eq.(15) will be the ionization potential for the K electron denoted by B K (Z + 1).
III. RESULTS AND DISCUSSION
In this work, we have calculated β − decay transition rates for bound and continuum states, for a number of fully ionized atoms in the mass range A ≈ 60-240. One of the motivations is that there are some evidences where earlier works were not equipped enough to address the entire β − decay scenario. This might be due to the unavailability of information about all the energy levels participating in transition processes.
As an example, Takahashi et al. [4] have observed transitions for allowed(a), first-forbidden non-unique(nu) and first-forbidden unique(u) decay of parent nuclei to a few energy levels of daughter nuclei. For For simplicity, this section is subdivided into two parts. In the first subsection, the observation from Table 1 , which involves the calculation of Log f t for the neutral atom, has been elaborated. In the next subsection, the β − decay transition rates of bare atoms have been discussed with a detailed explanation of Tables 2 and 3 . The dependence of these decay rates on different parameters is also examined in the same subsection. Finally, we have shown and discussed the change in individual level branchings in fully ionized atoms.
A.
Log f t calculation for neutral atoms
It is evident from Eqs.(1-9) that the calculation for f t = f 0 t/f 1 t is one of the essential components in the determination of the transition rate λ, which in turn depends on radius R of the daughter nucleus.
In Table 1 we present the values of Log f t for some neutral atoms at different radii and compare our calculations with existing theoretical as well as experimental results. The first column of the table gives schematic representations of experimentally available transition levels for β − decay of neutral atoms in terrestrial condition including all possible allowed and forbidden decay modes. The term T 1/2 in the 'Decay Transition' panel denotes the total half-life of the concerned energy level of the parent atom (including all possible decay channels, viz. β, α, IT etc). However, as explained in section II, we have tabulated Log f t values only for allowed (a), firstforbidden non-unique (nu) and first-forbidden unique (u) transitions.
Here, in Table 1 , R 1 is the phenomenological radius evaluated as R 1 = 1.2A 1/3 fm, whereas R 2 is the nuclear charge radius [15] and R 3 is the half-density radius given by [11] 
We have calculated Log f t values for R 1 , R 2 and R 3 and compared them with experimental data given in the farthest column. Besides, we have tabulated the available values from previous calculations of Takahashi et al. [4] in the same table.
One can see that the change in radius may cause a change in the Log f t value mostly in the second decimal place. In the next subsection, we will show the effect of these variations on the transition rates for bare atoms.
Further, from Table 1 , it can be noted that our calculation matches with the experimental Log f t data [10] in most cases up to the first decimal place. The agreement of our result with experimental data [10] confirms the applicability of the methodology adopted in our current study.
Sometimes the comparison of calculated Log f t values with experimental data give an idea about the spin-parity of participating energy levels where these quantities are still unconfirmed experimentally. We have identified a few such transitions in π and/ or (J π ) in Table 1 ). In the transition from 123 Sn [0.0, 11/2 − ] to E = 1181.3 keV state of the daughter, if it chooses the decay channel with the spin-parity J π = (9/2) + then the transition will be of the type (nu), whereas for the choice of spin J π = (7/2) + , the transition [0.0, 11/2 − → 1181.3, (7/2) + ] will be the (u) type. Now comparing with the available experimental Log f t value, it seems from our calculation that the (nu) case is in a good agreement whereas the (u) case deviates (difference ∼ 0.4 ) from the same for all choices of the radius R.
Similarly, from Table 1 , our observations for other such transitions are given by (see Table 1 
B.
Bound and Continuum decay rates for bare atoms
In Table 2 , bound and continuum β − decay rates of bare atoms are presented. The first column of the table illustrates the transition details and the columns 'Prev. Values' denote previous theoretically calculated values of Takahashi et al. [4] .
It is observed that the dependence on radius affect the bound (λ B ) and the continuum state (λ C ) decay rates in first or second decimal places, and the ratio λ B /λ C remains almost unaffected up to the first decimal place for most of the examined cases.
Further, from Table 2 , we find that the values for λ B and λ C from our calculation agree with those of the existing theoretical results [4] quite well. The possible reasons for the slight mismatch between our calculation and that from Takahashi et al. [4] are mainly due to (i) the effect of the nuclear radius, (ii) the adoption of present day Q values (for all Q n , Q c and Q b ), (iii) availability of present day β − decay branching of neutral atoms and (iv) the choice of significant digits. Despite that, the overall success of our calculation in reproducing available λ B and λ C for bare atoms once again justify the extension of the present calculation for previously unevaluated cases.
It can again be shown from Table 2 that in a transition from the parent nucleus A X Z−1 to different energy levels of the daughter nucleus A X Z , the ratio λ B /λ C for all transitions are not same, rather it decreases with increasing Q n value. It can be understood from the expressions in Eqs. (10) (11) (12) (13) (14) (15) where the factors f * Continuum and f * Bound depend on Q c and Q b , respectively, which are again derived from the neutral atom Q value Q n . Due to different Q n values for different transitions, λ B /λ C can be identified as a function of Q n . For the sake of understanding, in Figure 1 , we have plotted the ratio λ B /λ C versus Q n for the nuclei 115 Cd, 123 Sn, 136 Cs and 152 Eu. In each case, a dependence on Q n is observed which can be fitted to the form
where a and b are the nucleus dependent constants given in Table 3 . The Table 3 confirms that Eq. (16) is a characteristic feature of λ B /λ C ratio of the bare atom with particular Z and A values. If there is mistake in the calculation of a f * for λ B or / and λ C , then the ratio point will not fit to such a power law.
In Table 4 , we have tabulated effective β − decay halflives for bare atoms (for the radius R 1 ) and compared to those of neutral atoms. It should be noted that the neutral atom half-life given in column 3 of the table is the total half-life corresponding to all types (a, nu, u) of β − transitions only. It is evident from the values of λ Bare (= λ B + λ C )/λ N eutral (in the rearmost column of Table 4 ), called here rate enhancement factor, that there must be an enhancement in the decay rate for each transitions (i.e. λ Bare /λ N eutral > 1).
In Figure 2 , the ratio of λ Bare /λ N eutral for 110 Ag, 155 Eu and 227 Ac have been shown. From the figure, it can be noted that rate enhancements (a) are different for different transitions of a particular nucleus, (b) are dependent on Q n values : lower the Q n , larger the enhancement. Moreover, this rate enhancement factor (c) also depends on Z and A of the atom; larger the value of Z and/or A, larger the enhancement.
Transition details: case studies
The dependence of the rate enhancement factor on Q n causes a change in β − branching for the bare atom. In bare atom, branchings similar to the neutral atom can only be achieved if the factor λ Bare /λ N eutral remains constant with Q n , which is obviously not the case (Figure 2) . In other word, this change can be understood to be an outcome of the non-uniformity of the λ B /λ C ratio with Q n . It is observed that the continuum decay rate for bare atom decreases with respect to that for the neutral atom (i.e. λ C < λ N eutral ) due to the reduction of continuum Q value (Q c < Q n , Eq. (12)). Further from Figure  1 , it is clear that with the decrease in the Q n value, λ B dominates more over λ C and hence the effective decay rate of the bare atom λ Bare = λ B + λ C does not follow the same branching as that of the neutral atom.
Note-4: For the β − transition having very low Q n value, bound state decay may be the only path of β − decay. As an example, in the transition of
227 Th [37.9, 3/2 − ] with Q n = 6.9 keV, Q c for continuum decay of the bare atom becomes −13.1 keV. As evident from Eqs. (10) (11) (12) , due to the negative value of Q c , the corresponding decay channel gets closed. On the other hand, as (Q b −Q n ) > 0 for this transition, the total decay is governed by the bound state channel only.
As an example, in Figure 3 , we have compared branchings for neutral (left panel) and bare (right panel)
136 Cs atom. It can be seen from Figure 3 Further, some notable observations and comments for some nuclei are given below.
• Pb. In our study, we found some special cases where effective branchings for the bare atom does not follow the same ordering as that of the neutral atom. This indicates a very interesting phenomenon of branching-flip, addressed for the first time in this work. Sometimes the additive contribution of λ B and λ C and the effect of these two competing channels can lead to this branching-flip. This can be understood from Figure 4 . In Figure 4 , decay rates (sec −1 ) for neutral (λ N eutral ) and bare (λ Bare ) atom along with all decay components (λ B and λ C ) of the bare atom versus Q n are shown for the ground state decay of 134 Cs and 228 Ra nuclei. One can see from Figure 4 that the highest point corresponding to λ N eutral (i.e. maximum β − branching in neutral atom) and the highest point corresponding to λ Bare (i.e. maximum β − branching in bare atom) are coming from different transitions to the daughter nuclei (different Q n values), which clearly indicates the phenomenon of flip in the branching sequence.
• In the case of 134 Cs, λ N eutral is maximum at Q n = 658.1 keV, which is due to the maximum branching to the 1400.6 keV level (see Table 1 ) of 134 Ba [10] . In contrary, for the same nucleus, λ Bare is maximum at Q n = 88.8 keV which therefore indicates the maximum branching to the 1969.9 keV level (see Table 1 ) of the daughter 134 Ba for bare atom.
• Similarly for 228 Ra, the maximum branching for the bare atom ((λ Bare ) max at Q n = 12.7 keV) shifts from that of the neutral atom ((λ n ) max at Q n = 39.1 keV). In Figure 5, [10] . After complete ionization, the major contribution of the total decay rate comes due to the bound state enhancement of Q n =12.7 keV channel which has ∼ 84.07% decay to the [33.1, 1 + ] level (30% in neutral atom) of the daughter atom, whereas only ∼ 5.81% of the total decay branching is observed for the level [6.7, 1 + ]. There are a few more cases, where the branching-flips are observed. However, not necessarily, all the transition branches face the phenomenon of flip. It may also happen that only two or three branches change their sequence, whereas other branches remain at the same order as that of the neutral atom.
• states of the daughter atom. The ratio of branching for these two levels is 5.4:1 for neutral atom, which changes to 1: 1.22 for bare atom.
It should be noted that the ultimate fate of individual branchings in the bare atom is decided by two factors: the initial branching (required to calculate Log t for each transition: a part of Log f t calculation) and Q value of the neutral atom. The competition between these two factors determine whether the branching-flip will occur or not.
Effect of uncertainties : Furthermore, in order to get the complete picture of β − decay for bare atom, effects due to uncertainties in β − decay half-life and Q value need to be considered. Our calculation confirms that the change in Log f t due to the uncertainty (adopted from Ref [10] ) in the Q value is trivial. In case of half-life, however, the effect of uncertainty is appreciable depending on the numerical value of the half-life. In case of atoms with the β − decay half-life of the order of seconds/minutes, no significant change is observed in the calculation of Log f t due to the inclusion of experimental errors. 
−0.000 ) for the insertion of experimental errors in the Log f t value.
IV. CONCLUSION
To summarize, in this work we have calculated individual contributions of bound and continuum state β − decays to the effective β − decay rate of the bare atom. For this purpose, we have taken 114 terrestrially available allowed, first-forbidden non-unique and first-forbidden unique β − transitions from 27 different astrophysically significant nuclei in A ≈ 60 to 240 mass range where earlier information were partial and/or old.
Additionally, the dependence of transition rates over the nuclear radius and the Q value is illustrated clearly in our current study. We found a power law dependence of λ B /λ C of a bare atom on Q n for each value of Z and A. Along with the effective enhancement of transition rates, for the first time, we have found that transition branchings for the bare atom differs from that of the neutral atom for all Z and A, which is an outcome of non-uniform enhancement amongst the participating branches. Most interestingly, we have found few nuclei, viz.
134 Cs, 228 Ra etc., where some flip in the branching pattern is found for their bare configuration. It will be interesting to see how these results affect the results of calculation of nucleosynthesis processes and help planning new experiments involving bare atoms. 
